ABSTRACT: Elastic wave scattering by cracks at macro-and nano-scale in anisotropic plane under conditions of plane strain is studied in this work. Furthermore, time-harmonic loads due to incident plane longitudinal P-or shear SV-wave are assumed to hold. In a subsequent step, the elastodynamic fundamental solution for general anisotropic continua derived in closed-form via the Radon transform is implemented in a numerical scheme based on the traction boundary integral equation method (BIEM). The surface elasticity effect in the case of nano-crack is taken into consideration via non-classical boundary condition along the crack surface proposed by Gurtin and Murdoch [1] . The numerical results obtained herein reveal substantial differences between anisotropic materials containing a macro-and a nano-crack in terms of their dynamic stress response, where the latter case demonstrates clearly the strong influence of the size-effects. Finally, these types of examples serve to illustrate the present approach and to show its potential for evaluating the stress concentration fields (SCF) inside cracked nanocomposites. The obtained results concern the reliability and safety of the advancing nanomaterials.
STATE OF THE ART
Modeling and evaluation of the dynamic local stress concentrations and non-uniform stress-strain distribution in advanced nanocomposite materials containing nano-defects as holes, inclusions and cracks is extremely important for the safe operation and optimum design of the engineering nanostructures subjected to dynamic loads. In the literature there exist few results for wave scattering by holes and inclusions at nano scale in elastic isotropic solids, see [2] [3] [4] [5] [6] [7] [8] [9] [10] . All of them, excluding [9, 10] , propose analytical computational tools, above all, wave function expansion methods.
2D elastodynamic problem for material with nano-holes and nano-inclusions under time-harmonic loads is solved by displacement BIEM in [9] for elastic isotropic infinite plane, in [10] for elastic isotropic finite solid and in [11] for elastic anisotropic finite one. The mechanical model used in all cited above papers is based on a combination of classical elastodynamic theory for the bulk solid under non-classical boundary conditions, supplemented with a localized constitutive equation for the solidinclusion interface in the frame work of Gurtin and Murdoch [1] theory of surface elasticity.
In almost all cases the nanoheterogeneities are inclusions and holes and there is a lack of results for nanocracks. The main reason is that the influence of surface effects on the fracture behaviour of materials remains unclear. The classical fracture mechanics, which neglects the effect of residual surface stress on the fracture of the materials, has been well developed. Inside its frame the surface energy is considered as a resistance to crack propagation due to the generation of new free surface. However, besides this energy absorption effect, the residual surface tension and surface elasticity which become important at nano scale would also affect the stress distributions in front of the crack tip. For nanosized crack problem, the influence of surface stress on the crack's fracture state is not well understood. There are contradictory and totally exclusive results. In [12] is discussed the limit of fracture mechanics at the nanoscale, where only a small number of atoms are included in a singular field of continuum stress formed near a crack tip. Fracture testing for mode I cracked nanoscale specimens of a brittle material as a silicon diamond-cubic structure show that the normal to the crack line stress keeps the singularity of type 1/ √ r (r is the distance to the crack tip) till 0.1nm, although the zone of this singularity decreases with the decrease of the specimens size. However, the critical stress intensity factor (SIF) deviates from the fracture toughness near the crack tip and this evidently indicates that the fracture mechanics criterion (the crack propagates just when the SIF reaches the fracture toughness) breaks down. Or, in other words the fracture behavior of such nanoscaled specimens is no longer governed by SIF, i.e. continuum fracture behavior is not valid. In [13] is proposed a new approach for analysis of fracture through extension of continuum mechanics to the nanoscale by application of the Gurtin-Murdoch theory. As a final result of their analysis the Gurtin-Murdoch theory as applied to fracture reduces the crack-tip singularity from the square-root singularity to a logarithmic singularity.
We will shortly discuss the limited number of papers concerning mechanical problems for solids with nano-cracks.
There are some recent works studying the influence of the surface stress on the SCF near cracks, which may be regarded as asymptotic cases of voids. First Wu [14] discussed the effect of residual surface stresses on the deformation of a crack considering it as an elliptic void. He addresses the effect of surface stress on the static deformation of a crack, when only the constant residual surface stress is taken into consideration and deformation of the infinite thin surface layer is neglected. The assumption to neglect the surface strain is used also by other authors, see [15, 16] . It is based on the understanding that the contribution of strain-dependent part to the surface stress is negligible compared to the residual surface tension, see [17] ). However, this assumption is not correct to be used when dynamic problem is solved, as far as the boundary conditions with purely static part for the constant residual tension will not give any influence on the wave field. The residual surface tension is often ignored in the dynamic analysis.
Experiments and simulations by atomic models ( [18] ) show that the stresses obtained via the atomic models are in a good agreement with the predictions of linear fracture mechanics except in a very small vicinity of the crack-tip, where the effect of surface elastic energy should be accounted for. Or, the surface elasticity effect is localized at the crack-tip.
There are series of works ( [2, 15, [19] [20] [21] ) for elastostatic problems considering blunt crack with crack-tips having a small curvature radius of nanometers order via FEM. The first surface finite element was developed in [22] . In [20] was considered in-plane blunt crack with crack root presenting by a semicircular shape of radius b in a finite rectangular elastic isotropic homogeneous plate subjected to uniform static tensile stress with a prescribed magnitude in a normal direction to the crack. The problem is solved by FEM with and without taking into account surface effects on the stress distribution near the crack tip fields of a mode I blunt crack. The incorporation of surface elasticity model of Gurtin and Murdoch [1] into finite element formulation is done by presenting of total potential energy as a sum of the elastic strain energy of the bulk, the elastic strain energy of the surface and the work done by the externally applied static force. The presented simulations for stresses near the crack-tip show that when the curvature radius at the crack tip reduces to nanometers, surface effects have a considerable influence on both the magnitude and positions of the maximum stresses around the crack tip. In other words, the influence of surface effect is localized in a small zone around the crack tip and it is negligible in the far field. In [21] the same approach was used but instead mode I crack a mixed-mode inclined crack in an elastic square plate was considered. In [15] is considered a crack embedded in the center of a rectangular plate subjected to uniform static tension. The crack surface is flat except in a region near the crack tip. Each crack tip is modeled as a semi-elliptical profile, and the ration of the major and the minor semi-axes of the ellipse indicates the sharpness of the crack tip.
The conclusions from the above short review are as follows:
(a) At macroscopic scale the crack front profile is considered to be infinite sharp and the corresponding elastic and elasto-plastic near field zones are well established in classical fracture mechanics. However, in reality the crack-tips are not ideally sharp but blunt with a curvature radius in the order of microns or nanometers. Experiments and simulations by atomic models ( [18] ) show that the stresses obtained via the atomic models are in a good agreement with the predictions of linear fracture mechanics except in a very small vicinity of the crack tip, where the effect of surface elastic energy should be accounted for. Or, the surface elasticity effect is localized at the crack-tip; (b) There are a limited number of papers considering surface elasticity effects on the stresses near the crack-tip and all they are for static loads; (c) To the authors knowledge there are no results for nano-cracks in the field of dynamic fracture mechanics even for elastic isotropic solids. For anisotropic cracked solids there are no results even for static problems.
The aim of this study is to consider the dynamic stress field near crack tip under incident time-harmonic plane P and SV wave in anisotropic plane by BIEM taking into account the surface elasticity effect in the frame of Gurtin and Murdoch [1] model. At macro-scale the crack is finite line crack ( Fig. 1 a) ), while at nano-scale a blunt crack ( Fig. 1 b) ) with crack root presenting by a semicircular shape of radius b is considered.
The paper is organized as follows: the formulation of the considered in-plane elastodynamic problem for a crack at macro-and nano-scale in an anisotropic plane subjected to incident time-harmonic wave is done in Section 2, while its reformulation via boundary integral equations along existing boundaries based on the analytically derived by Radon transform fundamental solution is given in Section 3. Numerical results are shown in Section 4, and finally conclusions are in Section 5. 
PROBLEM FORMULATION
In a Cartesian coordinate system Ox 1 x 2 x 3 consider an anisotropic plane x 3 = 0 containing a line macro-crack Γ = Γ + ∪ Γ − with length |Γ| = 2a ( Fig. 1 a) ) or a nano-crack, a domain G with boundary S (Fig. 1 b) ) under incident time-harmonic with frequency ω plane longitudinal P or shear SV wave with incident angle ϕ in respect to the Ox 1 coordinate axis. The nano-crack is considered as a blunt crack with crack root presenting by a semicircular shape of radius b with dimension falling in the interval 10 −7 m ÷ 10 −10 m. The crack perimeter is
It is assumed that anisotropic material is of monoclinic type (there exists at least one elastic symmetry plane), because only under this assumption is possible uncoupling of the 3D problem into two-dimensional in-plane and anti-plane ones, see [23] . Plane strain state, i.e. in-plane wave motion in respect to plane x 3 = 0 is considered. In this case the only non-zero field quantities are displacements u 1 , u 2 , stresses σ 11 , σ 12 , σ 22 all dependent on coordinates x = (x 1 , x 2 ) and frequency ω. What follows is to define the boundary value problem (BVP) in frequency domain by the governing elliptic partial differential equations of second order and corresponding boundary conditions.
THE GOVERNING EQUATIONS
The system of governing equations consists of constitutive equation, kinematic relation and equation of motion given below. In the case of general anisotropy 6 parameters c 11 , c 12 , c 16 , c 22 , c 26 , c 66 characterize the stiffness matrix C ijkl , where the contracted Voigt notation, see [24] c pq are obtained from C ijkl following the rule: (11) → 1, (22) → 2, (12) = (21) → 6. Recall the symmetries for the stiffness matrix C ijkl = C jikl = C ijlk = C klij , C ijkl g ij g kl > 0 for any non-zero real symmetric tensor g ij . This means that the coefficients c ij should satisfy the following conditions for positive strain energy and real and positive wave velocities:
The constitutive equations -Hookes law, i.e. σ ij = C ijkl s kl is presented in the following matrix form:
where s ij is the strain tensor. The orthotropic material is characterized with the following four independent material constants c 11 , c 12 , c 22 , c 66 , because c 16 = c 26 = 0.
For isotropic material the following relations are truth c 11 = c 22 = λ + 2µ and c 12 = λ; c 66 = µ, where λ and µ are Lamé constants.
Under assumption of small displacements the kinematic relations are
where the symbol () ,i represents the partial derivative with respect to x i . In the plane x 3 = 0 the equation of motion is
in the case of zero body force, where ρ is the mass density.
BOUNDARY CONDITIONS

BOUNDARY CONDITIONS AT MACRO-SCALE
Along the crack line traction free boundary conditions are satisfied, i.e.
where t j is the total traction, which in the case of incident plane wave is presented as a superposition of incident and scattered wave. The same is truth for the total displacement and traction fields, i.e.
At infinite the Sommerfeld's radiation condition for the scattered wave is satisfied. The BVP for the scattered wave field u sc i consists of governing equation (2), the Sommerfeld's radiation condition at infinite and along the cracks boundary t sc i = −t in i , x ∈ Γ, or x ∈ S having in mind relation (4) . Thus, to solve this BVP we must know the incident wave field for any direction of propagation in the elastic anisotropic plane. Following [25] , the incident wave field of plane wave propagating with frequency ω in the direction η = (η 1 , η 2 ) with angle ϕ in respact to Ox 1 axis, i.e., η 1 = cos ϕ, η 2 = sin ϕ at point x is as follows:
• For P-wave
• For SV-wave
Here wave numbers are
.
Note that in the isotropic case a 1 = λ + 2µ, a 2 = µ and only in this case the eigenvalues, eigenvectors and wave numbers do not depend on η.
Once having incident displacement field, the corresponding stresses are computed by Eq. (1) and the corresponding tractions on the boundary are
The near-field solutions for typical crack opening mode, in the frame of linear fracture mechanics, can be expressed in polar coordinates (r, θ) with the origin at the crack-tip for r → 0 as, see [26] 
where the angular functions g H j (θ), f H ij (θ) depend only on the material constants and θ, while the coefficients K I , K II , named stress intensity factors (SIF) depend on the frequency ω. The knowledge of SIFs gives information for the strength and life time prediction of studied solid and structures. The computation of SIF is possible by the usage of well-known traction formulae. If we consider in-plane crack along the segment AB with local coordinates of points A = (−a, 0), B = (+a, 0) subjected to time-harmonic load, the traction formulae give: (9) K I = lim
where t i , i = 1, 2 is the traction at a point (x 1 , 0) close to the crack-tips.
BOUNDARY CONDITIONS AT NANO-SCALE
Non-classical boundary condition for the blunt nano-crack is applied along its surface S. Note that for blunt crack the surface is (see Fig. 1 b) ): S = S + ∪ S − ∪ S l ∪ S r , where S + , S − are upper and lower flat part of the crack and crack-tip is presented by a semicircles S l , S r with radius b with dimension falling in the interval 10 −7 m ÷ 10 −10 m.
In the frame of the [1] model the surface stress is expressed by
The surface stress σ S ij is related to the deformation dependent surface energy density E, where ε S ij is the 2x2 strain tensor for the surface S, δ ij is the Kronecker delta symbol, τ 0 is the residual surface tension under unstrained condition (along undeformed surface) which is independent on deformation and induce an additional static deformation. The residual surface tension τ 0 is often ignored in the dynamic analysis. Following [1] , it is assumed that the surface layer S with zero thickness has different elastic properties from that of the plane. Although the plane is elastic anisotropic, we assume the surface layer S is elastic and isotropic. Under assumption the infinite thin layer is isotropic with surface Lamé constants λ S and µ S the following conditions are satisfied in tangential and in normal direction along S, i.e. in local coordinate system of normal n and tangential l to S vectors:
Here the first equilibrium equation in (11) is written in the tangential plane and the second equation is in the normal direction to the surface boundary S, the super suffix M means the matrix material in the plane, σ S ll = τ 0 + (λ S + 2µ S )ε S ll is the normal stress in tangential direction expressed by the constitutive equation for elastic isotropic behavior of the surface layer, b is the curvature radius of the boundary S, (u n , u l ) are the displacement components in the local coordinate system (n, l). A coherent interface S is considered perfect bonded, no slip, where the strain ε S ij in direction l is equal to the associated tangential strain in the abutting bulk matrix ε M ij , i.e. ε S ij = ε M ij . In this case the following condition is satisfied
The discussed above boundary conditions (10) - (13) can be reformulated in the following more compact form in respect to the tractions developed along the interface boundary, see [9, 27] :
where
∂l 2 T 3 and
Here
∂l 2 are first and second tangential derivatives, t M k = σ M kj n j . Note that when τ 0 = 0 and λ S = µ S = 0 the boundary condition (14) transforms into classical boundary condition (3) describing the traction free surface of the macro-crack.
BIEM FORMULATION
MACRO-CRACK
The following frequency-dependent non-hypersingular traction BIE along the crack boundary Γ in respect to the unknown crack opening displacement (COD) of the scattered wave field defined as ∆u sc i = u sc i | Γ + − u sc i | Γ − along the crack Γ describes the BVP formulated in Section 1. Following [25] we obtain the following integrodifferential equation for ∆u sc i :
Here the couple x, ξ presents the position vectors of the source and receiver points, σ * ijq = C ijkl u * kq,l , u * kq is the displacement fundamental solution of the governing equation (2) , see [25] , Chap. 3.4, δ ij is the Kronecker symbol, all indices takes values 1 and 2, the summation convention over repeated indexes is implied, while subscript commas denote partial differentiation with respect to ξ.
BIE (15) is integro-differential equation with respect to the COD and all singular integrals in it converge in CPV sense, if a priori smoothness requirements ∆u sc i ∈ C 1+α (Γ) are fulfilled. Once having solution for the COD, the solution for displacement and stress at any point in R 2 \Γ can be obtained by the usage of the integral representation formulae, see [28] .
The total wave field is obtained by the usage of the superposition formulae (4).
NANO-CRACK
In here we use integro-differential equation for u sc i on S obtained analogous as (15) , see [25] , but accounting for the surface effect:
are defined with (5), c ij is the jump term depending on the local geometry at the source point x. Once having the scattered displacement along the surface S, the total displacement and stresses at any observer point x / ∈ S can be obtained by the superposition formulae (3) and the integral representation formulae
NUMERICAL RESULTS
NUMERICAL SCHEME VERIFICATION
The numerical procedure for solution of the BVP formulated via BIE (15) over line Γ + for a macro-crack (Fig. 1 a) and BIE (18) over boundary S for a blunt nano-crack ( Fig. 1 b) is based on discretization and collocation approach. After discretization of the non-hypersingular traction BIEs, overcoming of the weak and strong singularities in the integrals and satisfaction of the boundary conditions, an algebraic system of equations with respect to the unknown crack opening displacements is obtained and solved. The numerical results are obtained with Mathematica 6.0. We use 5 boundary elements (BE) on the crack Γ, with a length |Γ| = 2a, a = 5 × 10 −9 m, where 1 −st and 5 −th are quarter-point crack-tip BE with the length 0.15a. On the blunt crack S, with a length |S| = 2a[2(1 − 0.0375) + 0.0375π] = 2.04281 × 10 −8 m we use 10 ordinary BE: 8 on S − ∪ S + and 2 on semi-circle S l , S r with radius b = 0.0375a.
It is used dimensionless surface parameter defined as m = αs 2µbbm with α s = 6.091N/m where in the numerical results we get b m = 1, 5, 25, 125, ∞. Note that the case m = 0 corresponds to the blunt crack without surface effect. In all illustrative examples the incident P wave propagates normal to Ox 1 axis, i.e. ϕ = π/2, while incident SV wave propagates with incident angle ϕ = π/3. Also is inserted non-dimensional frequency defined as Ω = aω ρ/c 22 . The values of α s are taken from the literature usually determined by the atomic simulations [17] and they are in the neighbourhood of ±10N/m, where negative values are also possible.
The normalized SCF near the right crack-tip of Γ + and close to S at the point (a, 0) is evaluating using the formulae, see (9)
Normalized SIF on the right crack-tip of Γ are
The BIEM formulation of the defined in Section 2. BVP is general and it allows solving dynamic fracture problems for general anisotropic cracked materials. To the authors best knowledge, there are no available results in the literature for anisotropic material with nano-cracks subjected to dynamic or even static loads. In order to verify the present approach we will compare our BIEM results for blunt nano-crack at zero surface elasticity parameter m = 0 with the authors results for macro-crack and with available in the literature solutions for macro-crack in the case of elastic isotropic and orthotropic materials. Material parameters c ij are for orthotropic material, see [29] , given as a ratio of c, i.e. c ij = α ij c, c = 6.6495GP a. The density is ρ = 2.7×10 3 kg. Following [29] , three types of materials are considered: The authors BIEM results for a line macro-crack (Fig. 1 a) and for a blunt nanocrack (Fig. 1 b) at surface parameter m = 0 are compared with analytical solutions obtained by Chen and Sih [30] for elastic isotropic case (see, Fig. 2 ) and by Ohyoshi [29] for orthotropic materials (see, Fig. 3 ). Figure 2 a), b) shows normalized SIFs K I and K II versus normalized frequency Ω for normal incident plane time-harmonic P-wave (Fig. 2 a) and for normal incident SVwave (Fig. 2 b) propagating in elastic isotropic plane with a crack. orthotropic plane with a crack. Three different materials are used: materials in cases a) -c). The excellent agreement of results in Fig. 2 and Fig. 3 demonstrate that the developed numerical scheme works with a high accuracy and good convergence in the considered frequency interval.
PARAMETRIC STUDY
The aim of this section is to reveal the sensitivity of the stress concentration fields in cracked anisotropic plane subjected to dynamic time-harmonic loads to the frequency, crack-size, surface effects and type of the material anisotropy. Figures 4 and 5 show the normalized SCF versus normalized frequency Ω for incident P-wave with incident angle ϕ = π/2 (Fig. 4) and for incident SV-wave with incident angle ϕ = π/3 ( increases, and as a result the stress concentration field is reduced strongly in the whole considered frequency interval. In the case of m = 0, the obtained solution recovers those for the macro-crack. These figures reveal the sensitivity of the SCF to the frequency of the dynamic load, to specific surface properties, to material anisotropy and to the size of the blunt crack's root curvature. The above analyses demonstrate and confirm the suggestion that surface elasticity has a considerable impact on the near-tip fields of the crack. Important result is that SIF K II does not depend on the surface parameter m, see Fig. 5 d) . 
CONCLUSION
2D elastodynamic analysis of in-plane finite nano-crack in an anisotropic plane is presented by non-hypersingular traction BIEM in the frequency domain in conjunction with the surface elasticity model of Gurtin and Murdoch [1] . In this model a surface/interface is regarded as an elastic but negligibly thin membrane with the properties that is adhered to the underlying bulk material without slipping and with elastic constants different from the bulk. The equilibrium and constitutive equations in the bulk are the same as those in the classical elasticity theory, but the presence of surface stresses gives rise to non-classical boundary conditions taking into consideration the residual surface tension and surface deformation. A parametric study for local dynamic stress concentration field near nano-cracks in materials with different type of anisotropy is presented. The numerical results show that the wave-nano-crack interaction in anisotropic continua depends on the combined influence of the incident wave frequency, the ratio of the wave length and the crack length, the type of material anisotropy and to the size of blunt crack's root curvature. The decreasing of the radius curvature of the blunt crack to the nano-scale provokes strong reduction of the intensity of the stress concentration field near the crack-tip in the whole considered frequency interval. The influence of the size effect on the mechanical properties of the nano-composites is in the base of the new advanced nano-technologies.
